Metal induced crystallization mechanism of the metal catalyzed growth of silicon wire-like crystals Appl. Phys. Lett. 99, 143102 (2011) Note: Extraction of hydrogen bond thermodynamic properties of water from dielectric constant and relaxation time data J. Chem. Phys. 135, 086101 (2011) Waste-recycling Monte Carlo with optimal estimates: Application to free energy calculations in alloys J. Chem. Phys. 135, 044127 (2011) Particle-based multiscale coarse graining with density-dependent potentials: Application to molecular crystals (hexahydro-1,3,5-trinitro-s-triazine) J. Chem. Phys. 135, 044112 (2011) Stacking in sediments of colloidal hard spheres J. Chem. Phys. 135, 034510 (2011) Additional information on J. Appl. Phys. We investigate the phase transition, elastic constants, phonon dispersion curves, and thermal properties of beryllium (Be) at high pressures and high temperatures using density functional theory. By comparing the Gibbs free energy, in the quasiharmonic approximation (QHA), of hexagonal-closed-packed (hcp) with those of the face-centered cubic (fcc) and body-centered-cubic (bcc) we find that the hcp Be is stable up to 390 GPa, and then transforms to the bcc Be. The calculated phonon dispersion curves are in excellent agreement with experiments. Under compression, the phonon dispersion curves of hcp Be do not show any anomaly or instability. At low pressure the phonon dispersion of bcc Be display imaginary along C-N in the T 1 branches. Within the quasiharmonic approximation, we predict the thermal equation of state and other properties including the thermal expansion coefficient, Hugoniot curves, heat capacity, Grüneisen parameter, and Debye temperature.
I. INTRODUCTION
Beryllium has a wide range of applications in aircrafts, spacecrafts, communication satellites, nuclear power industry and so on. 1 In addition, Be can also be alloyed with other elements to produce strong lightweight alloys for computer parts and instruments, and other applications. 2 For those important applications, scientific investigations on structural stability and phase diagram of beryllium have attracted tremendous experimental and theoretical interest. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] At ambient condition, Be has the hexagonal-closedpacked (hcp) structure and melts at 1560 K. 3 It transforms to the body-centered-cubic (bcc) structure at 1523 K. 4 Experimentally, Ming et al. 5 found the existence of a distorted hcp phase at pressures between 8.6 and 14.5 GPa. Nakano et al. 6 investigated the static compression of Be by x-ray diffraction and found that the hcp phase was stable up to 171 GPa at 300 K. The hcp Be was found to be stable to the highest pressure of 66 GPa by Velisavljevic et al. 7 Evans et al. 8 confirmed the stability of hcp Be to 200 GPa at 300 K with x-ray and Raman studies in helium and argon pressure media. Theoretically, Lam et al. 9 predicted that the stable phase is either bcc or face-centered-cubic (fcc) between 100 and 200 GPa using the pseudopotential method. Meyer-ter-Vehn et al. 10 showed that hcp Be transformed directly to bcc Be at 200 GPa based on the augmented spherical waves method. Later, Palanivel et al. 11 obtained that the lowest energy phase is bcc Be above 180 GPa, using the full-potential linear muffintin orbital (FP-LMTO) method. Sin'ko et al. 12 used the FP-LMTO method and discovered that hcp-bcc phase transition pressure is 270 GPa at 300 K. Moreover, the phase boundaries of the hcp-bcc phase transition were calculated by Benedict et al. 13 and Robert et al., 14 and they all predicted the hcp phase as the most stable structure up to 400 GPa at 0 K. Although Be has a simple atomic structure, it remains challenging to accurately determine its phase transitions.
It is important to have a systematic study of the thermal equation of state (EOS) to understand the phase diagram and dynamical response of materials under extreme conditions. The elastic properties of materials at high pressure are important because they relate to various fundamental physicals properties such as mechanical strength, and the EOS. The elastic constants have been measured at ambient condition 15 or high temperature. 16, 17 Based on density-functional theory, the elastic constants of Be have been investigated by several groups. 2, 12, 18 However, the investigations of thermal EOS and elastic properties of Be under extreme conditions are still scarce. In the present work, we focus on the thermodynamic and elastic properties of Be under high pressure.
In a neutron scattering experiment, 19 the low-temperature phonon dispersion relation of the hcp phase of Be did not show any anomaly or instability at ambient pressure. Theoretically, combining frozen phonon and density-functional perturbation theory methods, Robert et al. 20, 21 obtained the phonon dispersion relations of hcp Be and bcc Be at different densities. They have been successful at reproducing the experimental investigation and found that the hcp phase is stable from 1.4 to 6 g/cc. At ambient conditions, the phonon dispersion relation of bcc Be exhibited a large softening near the N point of the T 1 branch along the C-N direction, which showed that the bcc phase is unstable. The frequency near 2/3 [111] transverse mode is also anomalous low when the density decreases under 1.65 g/cc. One of the main purposes of this work is to investigate the lattice dynamics and thermodynamics of Be under high pressure and temperature.
Here, we apply density functional perturbation theory (DFPT) 22, 23 to investigate a wide range of properties, including the lattice dynamical properties, the thermal EOS and thermodynamic properties of Be under high pressure. First, we discuss the structural and elastic properties of Be under high pressure. Then, we study the phase diagram and the thermodynamic properties within the quasiharmonic approximation (QHA).
II. COMPUTATIONAL METHOD
According to QHA, the free energy is given by FðV; TÞ ¼ E static ðVÞ þ F phon ðV; TÞ þ F elec ðV; TÞ; (1) where E static (V) is the energy of a static lattice at zero temperature T and volume V, F elec (V,T) is the thermal free energy arising from electronic excitations, and F phon (V,T) is the phonon contribution. Both E static (V) and F elec (V,T) can be evaluated via static first-principles calculations directly. The phonon vibrational contribution F phon (V,T) can be expressed as
where k B is the Boltzmann constant, is the Plank constant divided by 2 p, and x j (q,V) is the phonon frequency of the jth mode of wave vector q in the first Brillouin zone (BZ). The phonon dispersion calculations of Be have been performed within DFPT as implemented in the QUANTUM ESPRESSO package 24 using local-density approximation (LDA) 25 with the parametrization of Perdew and Zunger. 26 A nonlinear core correction to the exchange-correlation energy function was introduced to generate a normconserving pseudopotential 27 for Be with the valence electrons configuration 2s 2 . The pseudopotential was generated with a nonrelativistic calculation using the LDA.
To ensure the convergence of phonon frequencies and free energies, we made careful tests on k and q grids, the kinetic energy cutoff, and smearing parameters. For hcp Be, dynamical matrices were computed at 28 wave (q) vectors using an 6 Â 6 Â 6 q grid in the irreducible wedge of the Brillouin zone. The plane wave cutoff for the wave functions was 60 Ry. The Monkhorst-Pack (MP) 28 meshes were 20 Â 20 Â 14 for hcp Be and 20 Â 20 Â 20 for bcc Be in both total energy and phonon dispersion calculations, respectively. We computed the dynamical matrices at 29 wave (q) vectors using the 8 Â 8 Â 8 q grid for bcc Be in the irreducible wedge of the BZ, and the full phonon dispersion was obtained through Fourier interpolation. We applied a Fermi-Dirac smearing width of 0.02 Ry. The geometric mean phonon frequency is defined by
where x qj is the phonon frequency of the branch j at the wave vector q and N qj is the number of branches times the total number of q points in the sum. With this choice of parameters, the geometric mean phonon frequency x was converged to 1 cm
À1
. The elastic constants are defined by means of a Taylor expansion of the total energy, E (V, d), for the system with respect to a small strain d of the lattice primitive cell volume V. The energy of a strained system is expressed as follow
where E(V 0 , 0) is the energy of the unstrained system with equilibrium volume V 0 , s i is an element in the stress tensor, and n i is a factor to take care of the Voigt index. 29 The elastic constants of Mo 30 and Ti 31 were successfully obtained using the theoretical method proposed by Sin'ko and Smirnov. 32 Here we give a description of this method. The lattice vectors a 0 of the strained primitive cell are determined from the lattice vectors a of the equilibrium primitive cell by the relation a 0 ¼ aðI þ e _ i Þ, where I is the unit matrix and e _ i is a strain tensors. To calculate five independent constants of hexagonal structures, we considered five independent volume-nonconserving strains 
The specific energy of the crystal deformed in accord with the e _ 1 was calculated as a function of the strain magnitude c. The values of strain c with the range of 65% were used to make the strain energy fit to a second-order polynomial function. Then the strain energy as a function of the strain can be written as
where P was the pressure applied. Similar results with the other matrix were used in the equation
(9)
III. RESULTS AND DISCUSSION

A. Structural and elastic properties
We calculated the static energy-volume (E-V) curves for hcp, bcc, and fcc structures. Figure 1 (a) shows the static energy of the hcp, bcc, and fcc as a function of volume. The static energy differences are plotted in the inset of Fig. 1(a) . For the applied wide range of volume, the static energy difference between fcc and hcp is positive. By fitting the E-V data to the fourth-order finite strain EOS, 33 we calculated the enthalpy versus pressure for the three structures at zero temperature [ Fig. 1(b) ]. The transformation from hcp to bcc occurs at 390 GPa, in good agreement with experiments, [6] [7] [8] and theoretical calculations. 13, 14 Therefore, in the present work, all calculations were performed for the hcp phase. The equilibrium volume V 0 , lattice parameters a and c, the bulk modulus B 0 , and its pressure derivative B 0 , are list in Table I . Our results are also in excellent agreement with the available experimental data. [34] [35] [36] [37] We note that the bulk modulus of hcp Be at 0 K is 122 GPa, and decreases to 118 GPa when thermal effects are included.
The elastic constants of hcp Be at each volume were calculated using the method discussed above. The pressure was obtained from the static equation of state. Table II summaries the calculated elastic constants at equilibrium structure parameters, together with the experimental data 15 and previous calculations. 12, 20 Our results agree well with both sets of data. From Table II , one can see that all the elastic constants are practically linear increasing as pressure increases. Consequently, we fit the calculated elastic constants as the form C ij (P) ¼ a ij þ b ij P, and tabulated the fitting parameters in Table III . Recently, Cazorla et al. 38 have found similar trends in hcp He using atomistic Diffusion Monte Carlo calculations that fully account for ionic quantum effects. The errors of all elastic constants are $4% in our results, which due to the uncertainties of the energies and corresponding polynomial fits. For a stable hexagonal structure, its five independent elastic constants C ij should satisfy the mechanical stability criteria, i.e.,C 44 > 0,C 11 >C 12 , andC 33C11 þC 12 À Á > 2C 2 13 , wherẽ
Clearly, these calculated elastic constants C ij satisfy the mechanical stability criteria, suggesting that hcp Be is mechanically stable under the applied pressure.
Based on the Voigt-Reuss-Hill approximation, 39 we have calculated the corresponding bulk, shear and Young's modulus from the single crystal elastic constants. Then the isotropic averaged aggregate velocities can be obtained as follows The asterisk * indicates the values obtained from 300 K EOS.
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where V P , V B , and V S are the compressional, bulk, and shear sound velocities, respectively. In addition, as listed in Table  II 
where C ijkl is the fourth-rank tensor description of the elastic constants, n is the propagation direction, q is the density, and u is the polarization vector. The acoustic anisotropy can be described as
where n x is the extremal propagation direction, and i denotes the three types of elastic waves (one longitudinal and two polarizations of the shear wave). By solving the Christoffel equation for hcp Be, one can obtain the anisotropy of the compressional wave (P), D p ¼ C 33 /C 11 , and the anisotropies of the wave polarized perpendicular to the basal plane (S1) and the polarized one in the basal plane (S2),
The calculated pressure dependences of the anisotropies D p , D S1 and D S2 for the three types of elastic waves are illustrated in Table II . It is noted that with D S2 and D p decrease as pressure increases, while D S1 increases with the pressure increasing. We also noted that as the pressure increases the values of D S1 and D S2 goes away from 1.0, which indicates that the anisotropies of the wave polarized perpendicular to the basal plane (S1) and the wave polarized in the basal plane (S2) become strong.
B. Phonon dispersions and phase transition
Within the DFPT, we obtained phonon dispersion curves of hcp and bcc Be along high-symmetry directions. In Fig.  3(a) , we compare our results with the experimental dispersion curves 19 at 80 K. The agreement between the two sets of data is impressive, and typical of DFPT. The hcp phase of Be is dynamically stable at zero pressure as the phonon TABLE II. The calculated elastic constants and anisotropies D p , D S1 , and D S2 for the three types of elastic waves of hcp Be, compared with the experimental data and the other theoretical results. C ij , B, G, and E are in GPa. frequencies do not show any anomaly. The calculated phonon dispersions for bcc Be are displayed in Fig. 3(b) . Note that the frequencies around N point along CÀ N in the transverse acoustical branch soften to imaginary frequencies, indicating dynamic instability.
To understand the dynamic stability of hcp and bcc Be at high pressure, it is useful to investigate lattice vibrations at different volumes. Figure 4(a) shows that the frequencies in the dispersion curves of hcp Be increase with decreasing volume. We do not find soft modes in the applied range of volumes, and the phonon frequencies reflect the dynamic stability. The calculated phonon dispersions at different volumes for bcc Be are displayed in Fig. 4(b) , also for bcc, our results show that the phonon frequencies increase as volume decreases. The calculations predict the stability of the bcc phase of Be, and the frequencies of the phonons along the CÀ N symmetry line and around the N symmetry point are real.
In order to obtain accurately Helmholtz free energy F as functions of volume V at a certain temperature, the F at 17 atomic volumes (between V ¼ 3 and 8 Å 3 /atom) for hcp and bcc phases have been calculated. We determined the phase transition pressure by comparing the Gibbs free energies of hcp and bcc Be. The Gibbs free energy G is calculated from the Helmholtz free energy as G(P,T) ¼ F(V,T) þ PV. Within QHA, the transition pressure is calculated at various temperatures up to 3500 K. The phase diagram of Be at high pressure and temperature is shown in Fig. 5 , compared with theoretical calculation. 21 It can be seen that the phase transition from hcp to bcc at 386 GPa at 300 K, which indicates that at ambient temperature the hcp phase is more stable than the bcc phase. Most experiments [6] [7] [8] have not detected any kind of phase transition up to 300 GPa. Robert et al. 14, 21 found that the hcp Be is the most stable phase up to 400 GPa. In Fig. 5 , the dotted line is from the calculations of Robert et al., 21 who obtained the phase diagram with the QHA. Our transition pressures are consistent with those calculated by Robert et al. 21 at low temperatures, and show a small deviation at high temperatures, which mainly due to the choice of the LDA functional.
C. Thermodynamic properties
The Helmholtz free energy and phonon contribution F phon as functions of volume V and temperature T can be derived from Eq. (1) and (2), respectively. The thermal free energy arising from electronic excitations F elec and the phonon contribution F phon as functions of volume at temperatures from 300 to 3500 K are shown in Figs. 6(a) and 6(b) . By fitting the Helmholtz free energy to the fourth-order finite strain EOS at each temperature, we get the theoretical isothermal compressional curves, as shown in Fig. 7 . We estimate the errors of the Helmholtz free energy are less than 0.02%, which derived from the uncertainties of the energies and corresponding EOS fits. Including the zero point energy (ZPE) to the free energy at 0 K raises the equilibrium volume by 1.9% and reduces the bulk modulus by 2 GPa relative to the values without ZPE. It is noted that the 0 K isotherm (including ZPE) is almost the same as the 300 K one, and this is due to the small free energy contribution from the lattice vibrations at 300 K. With the pressure increasing, our isotherms agree with the experimental data. 8 The thermal pressure can be obtained from the pressure difference with the 0 K isotherm. The thermal pressure as functions of volume and temperature are shown in Figs. 8(a)  and 8(b) . From Fig. 8(a) , one notes that the thermal pressures show little volume dependence at low temperature. At elevated temperature, the thermal pressure increases significantly, and decreases monotonously with increasing volume. The thermal pressures as a function of temperature are shown in Fig. 8(b) . At a given volume, the thermal pressure increases linearly with temperature. The slopes of the thermal pressure show strong volume dependence. Many previous calculations for metals (such as Mo 30 and Ta 42 and so on) also found that the slopes of the thermal pressure were strongly volume dependent.
To check the accuracy of our thermal EOS at high pressures, we calculated the Hugoniot P-V and P-T curves by solving the Rankine-Hugoniot equation:
where U H , P H , and V H are the molar internal energy, pressure, and volume along the Hugoniot states, respectively, and U 0 and V 0 are the molar internal energy and volume at zero pressure P 0 and room temperature. For a given volume, we adjusted temperature and obtained pressure and energy until the Rankine-Hugoniot relation was satisfied. We obtained the pressure-volume and temperature-pressure relations along the Hugoniot curve according to Eq. (16) . Figure 9 shows the obtained Hugoniot curve of P-V and P-T. Our obtained Hugoniot curves are in excellent agreement with experiments 43 and other calculations. 14, 44, 45 Our P-T curve agrees well with the theoretical predictions of Robert et al.
14 and Holian et al., 44 and deviated from Song et al. The thermal expansion coefficient a V is defined as:
The thermal expansion coefficient as functions of pressure and temperature are plotted in Figs. 10(a) and 10(b). In Fig.  10(a) , it is showed that our zero pressure results are in excellent agreement with the experimental data 46 at high temperature. The discrepancy between the calculated thermal expansion coefficients and the experimental results at high temperature might be attributed to the use of the LDA function. At ambient conditions, our calculated thermal expansion coefficient is 3.43 Â 10 À5 K À1 , consistent with the experimental value 3.4 Â 10 À5 K
À1
. 47 As the pressure rises, the thermal expansion coefficient increases with temperature, and then converges to a nearly constant value at high temperature. The thermal expansion coefficient decreases strongly with increasing pressure in Fig. 10(b) .
The specific heat at constant volume is defined by
where U is the internal energy of the system. The specific heat at constant pressure C P is different from C V due to the thermal expansion caused by anharmonic effects. The relationship between C P and C V is given by
where a V is the volume thermal expansion coefficient, and B 0 the bulk modulus. In a harmonic crystal C V increases at low temperature and approaches the constant 3R at high temperature. In Fig. 11 , we plot C P , which decreases with pressure, and increases with temperature. The available experimental results 48 at zero pressure are also plotted as squares for comparison. It is evident that our QHA results are in overall good agreement with the experimental data at zero pressure, but diverge at high temperature. It is found that C p is obvious different between low and high pressures with increasing temperature beyond 1600 K (about the melting temperature), which implies that validity of QHA cannot be extended to high temperature at low pressure and we should consider higher-order anharmonicities. The melting temperature increases with pressure, and since the QHA is only valid up to some fraction of the melting temperature, then the validity of the QHA extends to higher temperatures at higher pressures.
The thermodynamic Grüneisen parameter is a very important parameter through which the thermal pressure is related to the increase of thermal energy in the Mie-Grüneisen equation of state and it is defined by
where U is the internal energy of the system. Our calculated zero-pressure 300 K value of c is 1.271, very close the experiment value 1.203. 15 The value of c versus temperature and pressure are shown in Figs. 12(a) and 12(b), respectively. From Fig. 12(a) , it is obvious that c shows weak dependence on temperature along the isobar. Upon compression, c decreases significantly, but the temperature effects become less pronounced [ Fig. 12(b) ]. In addition, the values of c at high pressures remain nearly constant.
Within the Debye approximation, the Helmholtz free energy at low temperature is
Þis the Debye function written as
We obtained H D at temperature T by solving Eq. (21). Our results for the Debye temperature are displayed in Fig. 13 . H D shows a significant increase as pressure increases (decrease of volume). At fixed volume, H D drops with increasing T up to $100 K, and then decreases moderately in the temperature 
IV. CONCLUSIONS
We employed the density functional perturbation theory to investigate the phase transition, elastic properties, lattice dynamical properties, and thermodynamic properties of the hcp structure of Be. By comparing the static energy-volume and enthalpy-pressure curves for the hcp, bcc, and fcc Be, we found that the stable phase of Be is hcp at zero pressure and temperature and then transforms to bcc Be at 390 GPa. The fcc phase is never be the stable phase in the whole range of pressures. At ambient conditions, the calculated elastic constants agree well with the experimental data. From the elastic constants at high pressure, we found that hcp Be is stable. Bulk, shear, and Young's modulus, and all the sound velocities as a function of pressure are obtained. 
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Our calculated phonon dispersion curve of hcp Be at zero GPa agree extremely well with experiment. Under compression, the dispersion curves of hcp Be do not show any anomaly or instability. The frequencies of bcc Be along C-N in the T 1 branches soften to imaginary frequencies at zero pressure, indicating a structural instability, while with pressure increasing, the imaginary frequencies of bcc Be along C-N in the T1 branches shift to positive frequencies. With the QHA, the hcp-bcc boundary under high temperature and pressure was obtained. Our results agree well with those reported by Robert et al. We predicted the thermal EOS properties including thermal EOS, thermal pressure, volume thermal expansion, and Hugoniot properties. The zero-pressure-temperature dependencies of volume thermal expansion coefficient, Grüneisen parameter, and Debye temperature are found to be in a good agreement with the experimental results. The QHA is only valid up to a fraction of the melting temperature, and therefore results can only expected to agree with experiments at sufficiently low temperatures. Since the melting temperature increases with pressure, the validity of the results extends to higher temperatures with increasing pressure.
